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In this paper, we investigate the dynamics of the universe on the background of f-essence when
a non-minimal coupling with gravity. Field equations are obtained and using the Noether theorem,
explicit forms of the coupling function and the Lagrange function of the f-essence were obtained.
Accordingly, for this model, the cosmological parameters that describe the accelerated expansion of
the universe are determined.
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I. INTRODUCTION
In recent years, due to the rapid development of astrophysics and the possibilities of modern technology, a huge
amount of astronomical data has been obtained, such as supernova type Ia [1, 2], cosmic microwave background
(CMB) anisotropy [3], baryon acoustic oscillations [4], weak lensing [5] and Large Scale Structure [6]. Due to this,
a fundamental discovery was made, which showed that our Universe is expanding with acceleration. On the basis of
this discovery, many models appeared that describe the dynamics of the universe as a whole, and as well as its various
localized objects. The main theoretical interpretation that describes the accelerated expansion of the universe is the
so-called "dark energy" [7–12]. As is known the general theory of relativity describes the dynamics of the universe
from the point of view of classical field theory. However, this theory can not explain the physics of the early and
modern Universe. To fill this gap, many modifications of this theory have been constructed, such as the quintessence
[13], the brane cosmology [14], the k-essence [15–21], the f-essence [22, 23], the g-essence [24–26] and others.
In this paper, we will consider one of these modified theories for the homogeneous and isotropic Friedman-Robertson-
Walker space-time (FRW), a cosmological model of the f-essence, which is a particular case of the r-essence and the
fermion analogue of the c-essence (for more details, see [22]). The authors of these works, studying the f-essence as a
gravitational source of accelerated expansion, have shown that the fermion field, initially having an anisotropic space,
becomes isotropic, forming singularities of free cosmological solutions that describe well the accelerated expansion of
the Universe. Difference of our article from the above works is that we generalized the Lagrangian to the case of a
minimal coupling of f-essence with a gravitational field. Using this Lagrangian, we obtain a system of field equations,
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2and also use the Noether theorem to determine the explicit forms of the coupling function and the Lagrange function
of the f-essence.
The famous theorem of the German mathematician Emma Noether, published in 1918 [27], makes it possible to
analyze the studied physical system on the basis of the available symmetry data that this system possesses. The
theorem compares the number of continuous symmetries of the considered system to the number of conservation
laws, that is, the number of conserved quantities, which are called conserved or Noether charges. The mathematical
advantage of using this method in physical problems, and in particular in astrophysics and cosmology, consists in the
fact that this method makes it possible to simplify the system of differential equations determining the dynamics of
the considered physical system, and also to determine the integrability of the physical system itself. The Noether
method of symmetry also allows us to verify the self-consistency of the studied physical model.
Earlier, the approach of Noether’s theorem in cosmology was considered in [28–32]. For example, Noether gauge
symmetry for F (R) gravitation was studied in [34] under the Palatini formalism, which determines the form of
f(R) and obtains an exact solution for the cosmological scale factor. The authors of [35] used this approach for the
fermion field. This model also determined the evolution of the scale factor, which is the main factor that describes
the dynamics of the universe. In [28] solutions are obtained that can describe the phantom accelerated expansion of
the universe.
The paper consists of six sections. In the first section of the main part, we present f-essence non-minimally coupled
to the R gravity and field equations derived from it for spatially flat metric FRW. Next, in the second section, we
search the Noether symmetry approach for the point-like Lagrangian derived in the first section. The cosmological
solutions are analyzed for Ansatz f-essence derived in third section. At last section we present the final remarks and
conclusions.
We use units of kB = c = ~ = 1 and 8π/M
2
Pl = 1, where MPl is the Planck Mass.
II. R GRAVITY MODEL WITH F-ESSENCE
In this section we consider a spatially flat FRW Universe within the f-essence field that is non-minimally coupled
to gravity in the framework of R gravity. Action for this model written as
S =
∫
d4xe [h(u)R+ 2K(Y, u)] , (1)
where R are curvature scalar, ψ and ψ¯ = ψ†γ0 denote the spinor field and its adjoint, respectively, the dagger
represents complex conjugation, u = ψ¯ψ is the bilinear function, Y - the canonical kinetic term of the fermionic field,
h(u) is a generic function, representing the coupling of gravity with f-essence field, K is the Lagrangian of the f-essence
field depending of Y and u.
We will consider here the simplest homogeneous and isotropic cosmological model, FRW, whose spatially flat metric
is given by
ds2 = −dt2 + a2(t)
(
dx2 + dy2 + dz2
)
, (2)
where a(t) is the scale factor of the Universe. For this metric, the vierbein is chosen to be (eµa) = diag(1, 1/a, 1/a, 1/a)
and (eaµ) = diag(1, a, a, a). Also we have
R = 6
(
a¨
a
+
a˙2
a2
)
, Y =
1
2
i
(
ψ¯γ0ψ˙ − ˙¯ψγ0ψ
)
. (3)
where
γ0 =
(
I 0
0 −I
)
, γk =
(
0 σk
−σk 0
)
, γ5 =
(
0 I
I 0
)
, (4)
are the Dirac gamma matrices and an overdot denotes derivative with respect to proper time t.
Then the above action becomes
S =
∫
d4x
(
6a2a¨h+ 6aa˙2h+ 2a3K
)
. (5)
where a spatially flat FRW spacetime has been adopted. After an integration by parts, the point-like Lagrangian
assumes the following form
3L = 6aa˙2h+ 6a2a˙huu˙− 2a
3K, (6)
here, because of homogeneity and isotropy of the metric it is assumed that the spinor field depends only on time, i.e.
ψ = ψ(t).
Then, taking into account H = a˙/a denotes the Hubble parameter, we have equations of motion
3H2h+ 3Hh˙− ρf = 0, (7)
(
2H˙ + 3H2
)
h+ h¨+ 2Hh˙+ pf = 0, (8)
KY ψ˙ + 0.5
(
3H + K˙Y
)
ψ − i
[
Ku + 3
(
H˙ + 2H2
)
hu
]
γ0ψ = 0, (9)
KY
˙¯ψ + 0.5
(
3H + K˙Y
)
ψ¯ + i
[
Ku + 3
(
H˙ + 2H2
)
hu
]
ψ¯γ0 = 0, (10)
Also from the consequent of Lorentz-invariance of the energy-momentum tensor we have conservation law in next
form
ρ˙f + 3H (ρf + pf ) = 0, (11)
here pf = K and ρf = Y KY −K are the energy density and pressure of the f-essence field [22]. From the equations
(9)-(10) we obtain
u =
u0
a3KY
, (12)
where u0 is a constant. As we see the field equations (7) - (10) are non-linear equations of a high order. As we know,
the solution of these equations are very hard. In the next section, for solve these equations we will use the well-known
approach used in physics Noether’s symmetry.
III. THE NOETHER SYMMETRY APPROACH
In this section we will be detail consider approach the Noether symmetry. This symmetry play in modern physics
important role. It is applied to determine the conserved quantities and constants of motion. The Noether symmetry
approach tells us that Lie derivative of the Lagrangian with respect to a given vector field X vanishes, i.e.
XL = 0. (13)
We will search the Noether symmetries for our model. In terms of the components of the spinor field ψ =
(ψ0, ψ1, ψ2, ψ3)
T and its adjoint ψ¯ =
(
ψ†0, ψ
†
1,−ψ
†
2,−ψ
†
3
)
, the point-like Lagrangian (6) rewrite as
L = 6aa˙2h+ 6a2a˙hu
3∑
i=0
(
ψ˙†iψi + ψ
†
i ψ˙i
)
− 2a3K, (14)
above X is defined for present dynamics
X = α
∂
∂a
+ α˙
∂
∂a˙
+
3∑
j=0
(
βj
∂
∂ψj
+ β˙j
∂
∂ψ˙j
+ γj
∂
∂ψ†j
+ γ˙j
∂
∂ψ˙†j
)
. (15)
4Here
α˙ =
∂α
∂a
a˙+
3∑
j=0
(
∂α
∂ψj
ψ˙j +
∂α
∂ψ†j
˙
ψ†j
)
, (16)
β˙j =
∂βj
∂a
a˙+
3∑
j=0
(
∂βj
∂ψj
ψ˙j +
∂βj
∂ψ†j
˙
ψ†j
)
, (17)
γ˙j =
∂γj
∂a
a˙+
3∑
j=0
(
∂γj
∂ψj
ψ˙j +
∂γj
∂ψ†j
˙
ψ†j
)
, (18)
where α, βi and γi are unknown functions of the variables a, ψi and ψ
†
i .
Then applying condition (13) for equation (14) we obtain an equation that explicitly depend on
a˙2, ψ˙2i , ψ˙
†2
i , a˙ψ˙i, a˙ψ˙
†
i , a˙, ψ˙i, ψ˙
†
i and equating to zero the coefficients of the data variables have the following system
of differential equations
α+ 2a
∂α
∂a
+ a
hu
h
3∑
i=0
(
ǫiβjψ
†
i + ǫiγjψi
)
+ a2
hu
h
3∑
i=0
(
∂βj
∂a
ψ†i +
∂γj
∂a
ψi
)
= 0, (19)
6a2huψ
†
i
∂α
∂ψj
= 0, (20)
6a2huψi
∂α
∂ψ†j
= 0, (21)
(
2α+ a
∂α
∂a
)
huψ
†
i + 2h
∂α
∂ψj
+ ahu
3∑
i=0
(
∂βj
∂ψj
ψ†i +
∂γj
∂ψj
ψi
)
+ a
(
βj(hu)ψj + γj(hu)ψ†
j
)
ψ†i + γjahu = 0, (22)
(
2α+ a
∂α
∂a
)
huψi + 2h
∂α
∂ψ†j
+ ahu
3∑
i=0
(
∂βj
∂ψ†j
ψ†i +
∂γj
∂ψ†j
ψi
)
+ a
(
βj(hu)ψj + γj(hu)ψ†
j
)
ψi + βjahu = 0, (23)
3∑
i=0
(
∂α
∂ψj
ψi +
∂α
∂ψ†j
ψ†i
)
= 0, (24)
3∑
i=0
(
∂βj
∂a
ψ†i −
∂γj
∂a
ψi
)
= 0, (25)
3αψ†j + aγj + a
3∑
i=0
(
∂βj
∂ψj
ψ†i −
∂γj
∂ψj
ψi
)
= 0, (26)
3αψj + aβj − a
3∑
i=0
(
∂βj
∂ψ†j
ψ†i −
∂γj
∂ψ†j
ψi
)
= 0, (27)
3α (K − Y KY ) + aKu
3∑
i=0
(
ǫiβiψ
†
i + ǫiγiψi
)
= 0. (28)
5In this system we introduce the symbol
ǫi =
{
+1 for i = 1, 2,
−1 for i = 3, 4.
(29)
From the equations (20), (21) we see that function α obviously do not dependent on the variables ψi, ψ
†
i . It’s only
function of a. The equation (28) rewrite as
3α (K − Y KY )
aKu
= −
3∑
i=0
(
ǫiβiψ
†
i + ǫiγiψi
)
. (30)
If put this equation in expressions (19)-(24) and that functions h and K depend on the variables u and Y we get
the following result
α = α0a
n, (31)
where α0 and n are some constants. Also, from the equations (24)-(26) and (30) we also can defines symmetry
generators βj and γj as
βj = −
(
3
2
α0a
n−1 + ǫjβ0
)
ψj , (32)
γj = −
(
3
2
α0a
n−1
− ǫjβ0
)
ψ†j , (33)
where β0 is a constant. Using the solutions (32),(33) and (??) and equation (30) we find the functions K as
K = µY − νu, (34)
where µ, ν are an integrable constant. Here T = µY is a kinetic term and V = νu is a potential term for the
Lagrangian fermion field. Finally, after some algebraic calculations, we find the solution for the coupling function
h(u) as
h(u) = h0u
1+2n
3n , (35)
here h0 is an integration constant. If n = 0 or n = −
1
2 the coupling function in the equation (35) is equal to 1, then
in the action (5) the interaction between of gravity and fermionic field will be minimal. In section IV, we will use the
values for the coupling function h(u) is equation (35) and Lagrangian fermionic field (34) for the determination of the
cosmological solutions our model.
At the end of this section, we would like to determine the charge Noether for our model
Q = α
∂L
∂a˙
+
3∑
i=0
(
βi
∂L
∂ψ˙i
+ γi
∂L
∂ψ˙†i
)
= const. (36)
Then we have
Q = Q˜aba˙− 2iη0u0, (37)
where
Q˜ = −12α1h1
1 + q
q
(
u0
K1
) 1+2q
q
, b =
q2 − q − 1
q
(38)
are constants and we have next solution for scale factor
a = a0(t− t0)
1
b+1 (39)
6IV. COSMOLOGICAL SOLUTIONS
In this section, for describe the dynamics of the universe, we try analytical solve the field equations (7) - (10). For
this, we need to find the explicit dependence of the scale factor a of the time t.
First case, we consider the case when n = − 12 , then the coupling function h = h0 and h0 = 1 (see equation (35)).
Then, the equations (7) - (10) we rewrite as following
3H2 − ρf = 0, (40)
3H2 + 2H˙ + pf = 0, (41)
KY ψ˙ + 0.5
(
3H + K˙Y
)
ψ − iKuγ
0ψ = 0, (42)
KY
˙¯ψ + 0.5
(
3H + K˙Y
)
ψ¯ + iKuψ¯γ
0 = 0. (43)
ρ˙f + 3H (ρf + pf ) = 0, (44)
where ρf = Y KY −K and pf = K. Earlier, in the papers [12]-[16] considered various cosmological solutions of the
field equations (40)-(44). Also, from the equations (12) and (34) we also find
u =
u0
µa3
. (45)
If put the equations (34) and (41) in equation (36), we obtain
a =
(
3νu0
4µ
) 1
3
(t− t0)
2
3 , (46)
where t0 is a constant of integration. The Hubble parameter is
H =
2
3 (t− t0)
. (47)
Then, for our model the energy density and pressure are
ρ =
4
3 (t− t0)
2 , p = 0. (48)
And the equation of state parameter for this model have the next form
ω = 0. (49)
One of the main cosmological parameter is the deceleration parameter. If q < 0 indicates the standart decelerating
models and ifq > 0 corresponds to accelerating models. When q = 0 is expansion with a constant velocity.
q = −
a¨
aH2
= −
1
2n
, (50)
These solutions describe a standard pressureless matter field.
Second case, we consider the general case when the coupling function is equal to h = h0u
1+2n
3n . For this case, the
scalar factor is obtained
a(t) = a0 (t− t0)
2n
n−1 , (51)
where a0 =
(
4n3νu
n−1
3n
0
3(1−n)(n+1)2h0
) n
n−1
.
7The corresponding Hubble parameter is
H =
2n
(n− 1) (t− t0)
, (52)
From fermion field are energy density and pressure follows from field equations (7) and (8) as
ρf = ρ0 (t− t0)
6n
1−n ρ0 =
12nh0
1− n
(
u0
µa30
) 1+2n
3n
(53)
and
pf =
ρ0
6n (n− 1)
(t− t0)
6n
1−n
(
8n2 + 3n+ 1− (t− t0)
−1
)
, (54)
Then, we can define the equation of state parameter for the fermion field by equations (52)-(53) as
ω =
p
ρ
= ω0 −
ω1
t− t0
, (55)
where ω0 =
8n2+3n+1
6n(n+1) and ω1 =
8n2
6n(n+1) .
Also, finally this section we find the deceleration parameter is found similarly to the first case
q = −
a¨
aH2
= −
1
2
−
1
2n
= const, (56)
V. FINAL REMARKS AND CONCLUSION
This paper investigates the evolution of the accelerated expansion of the late-time Universe on the background of
the f-essence. The work begins by considering action of the field in FRW flat space-time, taking into account its
non-minimally coupling with f-essence (1). The equations of motion in the form of equations (7) - (10) have obtained.
To find field-matter coupling and the explicit form of the f-essence Lagrangian used Noether symmetry (14) condition
and three sets of solutions (equation (31), (32) and (33)).
Using the approach Noether symmetry is because this approach can reduce the number of unknown variables of
a dynamic system, which leads to the possibility of solving the equations of motion of the theory. In addition, this
approach can be considered as a physically motivated criterion, since such symmetry are always related to conserved
quantities. Such conserved quantity of our system or so called Noether charge defined in the form (37) using equation
(36).
Finally, in the fifth chapter cosmological parameters of f-essence studied in detail. Two cases, when n = −1/2 and
for any other values of n have been considered. In the first case it is shown that the coupling of the field with the
matter does not change with time, the scale factor evolves, as shown in equation (46), similarly to dust-like matter
of the standard cosmological model. Parameter condition in this case is equal to zero (49), a deceleration parameter
(50) is positive, which is the standard setting state baryonic matter. For the second case, the scale factor evolves in
the form of (51) as n increases acceleration scale factor tends to a linear function of time. For n = 0, the scale factor
remains unchanged and field-matter coupling becomes infinite, however when n = 1 non-minimal coupling of the field
with matter becomes linear, and the scale factor tends to infinity.
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